Abstract. The decay rates and spectroscopy of the QQ (Q ∈ c, b) mesons are computed in non-relativistic phenomenological quark antiquark potential of the type V (r) = − αc r + Ar ν , (CPP ν ) with different choices ν. Numerical solution of the schrodinger equation has been used to obtain the spectroscopy of QQ mesons. The spin hyperfine, spin-orbit and tensor components of the one gluon exchange interaction are employed to compute the spectroscopy of the few lower S and orbital excited states. The numerically obtained radial solutions are employed to obtain the decay constant, di-gamma and di-leptonic decay widths. The decay widths are determined with and without radiative corrections. Present results are compared with other potential model predictions as well as with the known experimental values.
Introduction
Heavy flavour hadrons play an important role in several high energy experiments as well as in the understanding of the theories like QCD, NRQCD, pNRQCD, vNRQCD and effective field theories. The BES at the Beijing Electron Positron Collider (BEPC), E835 at Fermilab, and CLEO at the Cornell Electron Storage Ring (CESR) are able to collect the huge data on heavy flavour mesons. Where as B-meson factories, BaBar at PEP-II and Belle at KEKB are working on the observation of new and possibly exotics quarkonia states. The CDF and Dφ experiments at Fermilab measuring heavy quarkonia production from gluon-gluon fusion in pp annihilations at 2 TeV . Also some other experiments like ZEUS and H1 at DESY are studying charmonia production in photon-gluon fusion. The study related to the charmonia production and suppression in heavy-ion collisions are being looked by PHENIX, STAR and NA60. All these experiments are capable of observing new states, new production mechanisms, new decays and transitions, and in general to the collection of high statistics and precision data sample. In the near future, even larger data samples are expected from the BES-III upgraded experiment, while the B factories and the Fermilab Tevatron will continue to supply valuable data for few years. Later on, the LHC experiments at CERN, Panda at GSI etc are capable of offering future opportunities and challenges in this field of heavy flavour physics [1] . On the theoretical side, heavy quarkonium provides testing and the validity of perturbative QCD, potential models and lattice QCD calculations [2] . The investigation of the properties of mesons composed of a heavy quark and antiquark (cc, bc, bb) gives very important insight into heavy quark dynamics and to the understanding of the constituent quark masses. The theoretical predictions of the heavy quarkonia cc, bc and bb mesons have rich spectroscopy with many narrow states of charmonium lying under the threshold of open charm production [3, 4] and of botomonium lying under the threshold of B − B production. Many of these states have not confirmed or understood by experiments [5] . However, there have been renewed interest in the spectroscopy of the heavy flavoured hadrons due to number of experimental facilities (CLEO, DELPHI, Belle, BaBar, LHCb etc) which have been continuously providing and expected to provide more accurate and new informations about these states at the heavy flavour sector. At the hadronic scale the non-perturbative effects connected with complicated structure of QCD vacuum necessarily play an important role. All this leads to a theoretical uncertainty in the QQ potential at large and intermediate distances. It is just in this region of large and intermediate distance that most of the basic hadron resonances are formed. So the success of theoretical model predictions of most of the hadronic properties with experiments can provide important information about the quark-antiquark interactions. Such information is of great interest, as it is not possible to obtain the QQ potential starting from the basic principle of the quantum chromodynamics (QCD) at the hadronic scale. Among many theoretical attempts or approaches to explain the hadron properties based on its quark structure very few were successful in predicting the hadronic properties starting from its spectroscopy to decay rates. The nonrelativistic potential models with Buchmüller and Tye [6] , Martin [7, 8, 9] , Log [10, 11] , Cornell [12] etc. were successful in predictions of the spectra of the heavy flavour mesons while the Bethe-Salpeter approach under harmonic confinement [13] were successful at low flavour sector. Though there exist relativistic approaches for the study of the different hadronic properties [14, 15, 16] , the non-relativistic models have also been equally successful at the heavy flavour sector. For the theoretical predictions of different decay rates most of the models require supplementary corrections such as higher order QCD effects, radiative contributions etc. Even in some cases rescaling of the model radial wave functions are also being considered. However the NRQCD formalism provides a systematic approach to study the decay properties like the di-gamma and the di-lepton decays. These partial decay widths provide an account of the compactness of the qurkonium system which is an useful information complementary to spectroscopy [17] . Thus, in this paper we make an attempt to study the properties like mass spectrum, decay constants and other decay properties of the QQ systems (Q ǫ b, c) based on a phenomenological coulomb plus power potential (CPP ν ). Here, we consider different choices of the potential power index ν to study the properties of the mesonic systems upto few excited states.
Nonrelativistic Treatment for Heavy Quarks
There are many theoretical approaches both relativistic and nonrelativistic to study the heavy quark systems [11, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28] . However their predictions suggests the successes of the nonrelativistic treatment for the heavy flavour quark-antiquark system [11] . The relativistic invariant theory for example lightfront QCD [29] though deals with different aspects of QCD, under non-relativistic approximations, reproduces the results comparable to the non-relativistic quarkpotential models [29] . In the center of mass frame of the heavy quark-antiquark system, the momenta of the quark and antiquark are dominated by their rest mass m Q,Q ≫ Λ QCD ∼ | p |, which constitutes the basis of the non-relativistic treatment. For examples NRQCD formalism for the heavy quarkonia, the velocity of heavy quark is chosen as the expansion parameter [30] . Hence, for the study of heavy-heavy bound state systems such as cc, bc and bb, we consider a nonrelativistic Hamiltonian given by [24, 25, 26] 
where
m Q and mQ are the mass parameters of quark and antiquark respectively, p is the relative momentum of each quark and V (r) is the quark antiquark potential. Though linear plus coulomb potential is a successful well studied non-relativistic model for heavy flavour sector, their predictions for decay widths are not satisfactory owing to the improper value of the radial wave function at the origin compared to other models [25] . Thus, in the present study we consider a general power potential with color coulomb term of the form
as the static quark-antiquark interaction potential. This potential belong to the special choices of the generality of the potentials, V (r) = −Cr α + Dr β + V 0 [31, 32, 33] with V 0 = 0 α = −1, β = ν. For the present study, the power index range of 0.1 < ν < 2.0 have been explored. Here, for mesons, α c = 4 3 α s , α s being the strong running coupling constant, A is the potential parameter similar to the string strength and ν is a general power, such that the choice, ν = 1 corresponds to the coulomb plus linear potential. The different choices of ν here, correspond to different potential forms. In general, the potential parameter A can also be different numerically and dimensionally for each choices of ν. In the present study of heavy-heavy flavour mesons, we employ the numerical approach [34] to generate the Schrödinger mass spectra.
Spin-Dependent forces in QQ States
In general, the quark-antiquark bound states are represented by n 2S+1 L J , identified with the J P C values, with J = L + S, S = S Q + SQ, parity P = (−1) L+1 and the charge conjugation C = (−1)
L+S with (n, L) being the radial quantum numbers. So the S-wave (L = 0) bound states are represented by J P C = 0 −+ and 1 −− respectively. The P -wave (L = 1) states are represented by J P C = 1 +− with L = 1 and S = 0 while J P C = 0 ++ , 1 ++ and 2 ++ correspond to L = 1 and S = 1 respectively. Accordingly, the spin-spin interaction among the constituent quarks provides the mass splitting of J = 0 −+ and 1 −− states, while the spin-orbit interaction provides the mass splitting of J P C = 0 ++ , 1 ++ and 2 ++ states. The J P C = 1 +− state with L = 1 and S = 0 represents the center of weight mass of the P -state as its spin-orbit contribution becomes zero, while the two J = 1 +− singlet and the J = 1 ++ of the triplet P-states form a mixed state. The D-wave (L = 2) states are represented by J P C = 2 −+ with L = 1 and S = 0 while J P C = 3 −− , 2 −+ and 1 −+ correspond to L = 2 and S = 1 respectively. For computing the mass difference between these states, we consider the spin dependent part of the usual OGEP given by [35] as
and
The spin average mass for the ground state is computed for the different choices of ν in the range, 0.5 < ν < 1.5. The model parameters used here are listed in Table 1 . The potential parameter A are fixed for each choices of ν so as to get the experimental ground state spin average masses of QQ systems. The spin average masses of cc is computed using the experimental ground state mass of M ηc = 2.980 GeV and M J/ψ = 3.097 GeV [5] , while the experimental values of M Υ = 9.460 GeV and theoretically predicted values for η b , M η b = 9.400 GeV [15] are used to get the centre of weight mass of bb system. For the bc meson we use the experimental mass of M Bc = 6.286 GeV [5] and the theoretically predicted value of M B * c = 6.332 GeV [15] . For the nJ state, we compute the spin-average or the center of weight mass from the respective experimental values as
In the case of quarkonia (cc and bb systems)many orbital excited states are known. Theoretical predictions of all these states and their decay widths are also being studied. But in many cases, the decay widths and the spin splitting between different J values are not well reproduced. Both the decay widths and the level splitting of the spectra due to the one gluon exchange interaction terms are related to the values of the radial wave function or its derivatives at the origin. Thus, the inappropriate description of the QQ radial wave function led to the disparity among the different model predictions of the decay widths and level splitting. In some cases, for better predictions of the excited spectra of quarkonia, the strong running coupling constant α s are evaluated interms of the average kinetic energy of the quark-antiquark pair at a given state. Accordingly, different excited states corresponds to have different values of α s [35, 36] . However, the radial wave functions are found to be less sensitive to the changes in α s compared to similar changes in the values of the strength of the confining part of the potential. Hence, in this paper, we allow A to vary mildly with radial quantum number (n = 0, 1, 2...) as A = A (n+1) 1 4 . The variation in A can be justified by similar arguments for the changes in α S with the average kinetic energy. Here, as the system get excited, the average kinetic energy increases and hence the potential strength (the spring tension) reduces. With this mild state dependence on the potential parameter A, we obtain the excited spectra as well as the right behavior for the radial wave functions . The computed values of the radial wave function at the origin for (n + 1)S states are listed in Table 2 for all the QQ combinations. Using the spin dependent potential given by Eqn. 4 and 5, we compute the masses of the different n 2S+1 L J states of cc, bc and bb mesons. Better stastics with respect to the experimental values are observed with our predictions of these states for the potential index lying between 0.7 to 1.3. Thus we list our predicted properties in this range of potential index only. The computed masses of the QQ mesonic states are listed in Table 3 in the case of cc , in Table 4 in the case of bc and in Table 5 in the case of bb systems along with the available experimental values as well as other model predictions. Fig 1 shows the behavior of A with the potential index ν that provide us the ground state center of weight masses for all the three (cc, bc and bb) combinations of QQ systems.
The Decay constants of the heavy flavoured mesons
The decay constants of mesons are important parameters in the study of leptonic or nonleptonic weak decay processes. The decay constants of pseudoscalar (f P ) and vector (f V ) states are obtained by prarameterizing the matrix elements of weak current between the corresponding mesons and the vacuum as 
Mesonic Potential
where k is the meson momentum, ǫ µ and M V are the polarization vector and mass of the vector meson. In the non relativistic quark model, the decay constant can be expressed through the ground state wave function at the origin ψ P,V (0) by the VanRoyen-Weisskopf formula [41] . The value of the radial wave function for 0 − + , (R P ) and for 1 −− , (R V ) states would be different due to their spin dependent hyperfine interaction. The spin hyperfine interaction of the heavy flavour mesons are small and this can cause a small shift in the value of the wave function at the origin. Though, many models neglect this difference between (R P ) and (R V ) we account this correction by considering
Where (SF ) J and < ε SD > nJ is the spin factor and spin interaction energy of the meson in the nJ state, while R(0) and M 1 correspond to the radial wave function at the zero separation and reduced mass of the QQ system. It can easily be seen that this expression is consistent with the relation
given by [42] .Though most of the models predict the mesonic mass spectrum successfully, there are disagreements in the predictions of their decay constants. For example, the ratio
was predicted to be > 1 as m P < m V and their wave function at the origin R P (0) ∼ R V (0) by most of the cases [43] . The ratio computed in the relativistic methods [44] predicted the ratio f P f V < 1, particularly in the heavy flavour sector. The disparity of the predictions of these decay constants play decisive role in the precision measurements of the weak decay parameters as well as the spectroscopic hyperfine splitting. So, we reexamine the predictions of the decay constants under different potential (by the choices of different ν) schemes employed in the present work. Incorporating a first order QCD correction factor, we compute,
here,C 2 (α s ) is the QCD correction factor given by [45]
Where δ V = as the first term within the square bracket vanishes. Our computed values of f P and f V without this correction and with the correction shown in brackets up to 6S states are tabulated in Tables 6 -8 along with available experimental results and with other theoretical predictions in the cases of cc, bc and bb systems respectively. 
Mean Square Radii and Average quark Velocity of QQ (Qǫb, c) mesons
Apart from the decay constants, f P/V , other important properties associated with a mesonic state are the mean square radii r 2 and the mean square velocity of the quark/antiquark v 2 q . The mean square size of the mesonic states is an important in the estimations of hadronic transition widths [48, 49, 50] of different QQ ′ systems. The average velocity of the quark and the antiquark within a QQ bound state are important for the estimation of relativistic corrections and are useful particularly in the NRQCD formalism as well as in the estimation of the quarkonium production rates [51] . We compute the mean square radii as
and the average mean square quark/antiquark velocity for the cc and bb systems, according to the relation given by [53] (
Here, E is the binding energy of the system, M 1 is the reduced mass of the mesonic system and V (r) is the expectation value of the potential. In the bc case, the velocity of b and c quarks are obtained as
The computed rms radii up to 6S states of cc, bc and bb systems are listed in Table 9 for the range of potential index 0.7 ≤ ν ≤ 1.3. The estimated rms velocity v 2 q 1 2 of the charm and beauty quark/antiquark using Eqn. 14 to 16 are given in Table 10 of cc , bc and bb systems in their 1S, 1P , 1D and 2S to 6S states.
Decay rates of quarkonia
The spectroscopic parameters including the predicted masses and the resultant radial wave functions are being used here to compute the decay rates. We consider the conventional Van Royen-Weisskopf formula for the di-gamma and di-leptonic decay widths. Like in many other theoretical models, we also consider the contribution from the radiative corrections to these decays. Accordingly, the two photon decay width of the pseudoscalar meson is computed as
where Γ 0 is the conventional Van Royen-Weisskopf formula given by [41] Γ 0 = 12α and Γ R is the radiative correction given by [25] 
Similarly, the leptonic decay widths of the vector mesons with radiative correction is computed as where Γ V W is the conventional Van Royen-Weisskopf formula given by
and the radiative correction Γ rad is given by
It is obvious to note that the computations of the decay rates and the radiative correction terms described here require the right description of the meson state through its radial wave function at the origin R(0) and its mass M which in turn depend on the model parameters like α s , confinement strength and quark model masses. Generally, due to lack of exact solutions for colour dynamics and with the uncertainties over the exact nature of interquark potential, R(0) and M are also been considered as free parameters of the theory [58] . However, we found it appropriate to employ the spectroscopic parameters of the mesons such as the phenomenologically predicted meson mass and the corresponding wave function predicted by different models for the estimation of the decay properties of the mesons. Making use of the model parameters, the resultant radial wave functions and the mesonic mass we compute the 0 −+ → γ γ and 1 −− → l + l − decay widths for each cases of the potential model employed here for the present study. The results are shown in Table (11) for 0 −+ → γ γ, and in Table ( 
Results and Discussion
We have employed the coulomb plus power potential form to study the mass spectrum and decay properties of heavy mesons. Unlike in our earlier studies using variational approach [24, 25] , here we solved the Schrödinger equation numerically using [34] . It helps us to study the mass spectrum of cc, bc and bb mesons up to few excited states. Our potential parameters are fixed with respect to the centre of weight ground state 1S mass of the QQ (Q ǫ b, c) systems. Our predication of the excited state of these mesons for the potential index ν = 0.9 to 1.3 are found to be in good agreement with the experimental results as well as with theoretical predictions of other models. Success of the present study is not only related to the numerical approach but also to the fact that the strength of the confinement part of the potential is made state dependent according to the relation
In Table 2 , we tabulate the values of the S-wave radial wave function at the origin, |R ns (0)| 2 (in GeV 3 ) for the S-wave of heavy QQ systems along with other models. These quantities are not only essential inputs for evaluating decay constants, decay rates, NRQCD parameters and production cross sections for quarkonium states but also important for the determination of hyperfine and fine splitting of their mass spectra. We compared our prediction for the |R(0)| 2 with that of Martin potential [7] , Logarithmic potential [10] , Cornell potential [37] , Buchmuller-Tye potential [6] and Lichtenberg-Wills potential [38] . We also observe that a model independent relationship for the radial wave function of the bc with that of cc and bb system as given by [59] 
with q = 0.35, seem to hold within 2% variation for the lower states in the potential range 0.5 ≤ ν ≤ 1.5 and for higher states we find the relation hold within 5% for all values for ν studied here. Our results for the decay constant of pseudoscalar meson f P , vector meson f V and their ratio of f P /f V with and without the QCD corrections (given in brackets) for cc, bc and bb mesons are listed in Tables 6 to 8 respectively from 1S to 6S states. Our results are compared with the available experimental values [5] and with other theoretical predications. We could see that reduction in the f P values to about 19% in the cases of cc, 14% in the case of bb and 10% in the case of bc and reduction in the f V values to about 25% in the cases of cc, 19% in the case of bb and 16% in the case of bc are attributed due to the QCD correction factor. Our results for 1S state of f P for cc system is in good agreement with the values reported by CLEO collaboration and f V with the PDG average value [5] . The ratio f P /f V without the QCD correction predicted by us lie between 0.87 to 0.8 in the potential range of 0.7 ≤ ν ≤ 1.3 as against the experimental ratio of 0.81±0.19 [5] . The predicted values of f P for 2S to 6S states are in accordance with other theoretical predictions. Our results for the cc meson decay constants without the QCD corrections are in good agreement with the experimental data, while that for bb system with the QCD corrections are in accordance with the experimental results as well as with other model predictions. The predicted properties of the bc system are expected to be supported by the future experimental observations. In Table 9 , we present the mean square radii of QQ (Q ǫ b, c) systems. Our predicted values are in accordance with few available predictions for cc and bb states available in literature. However for the bc system we do not find their sizes available in literature for comparison. In Table 10 , the average quark velocity at the ground state as well as at different excited states v 2 q The present results are in unit of the velocity of light. Our results for cc and bb systems are in accordance with the existing values reported by others [54] up to 4S states. As expected, the quark velocity v 2 q 1 2 increases with higher excited states. However, it is also been observed that with increase in the potential index ν, the quark velocity also increases (See Table 10 ). It corresponds to strong binding and fast motion unlike the usually expected case of strong binding and slow motion. The predicted quark velocity of cc system in 6S states for the potential index 1.3 is interesting as it exceeds unity. Probably it may be the indication of the limit at which the cc can excite. It is also supported by the fact that there exist little experimental evidence for the higher excited states of cc systems beyond 4S level. In this potential index of 1.3 the quark velocity approaches the velocity of light from its 4S state onwards (0.8c) warranting the relativistic approaches to study this states and beyond. For the choices ν < 1.3, such problems do not seem to be important even up to the 6S states. In the case of bb systems up to 6S states for all the potential index studied here suggest the validity of nonrelativistic treatment. The b-quark/antiquark velocities up to 6S states obtained here for all the choices of the potential index 0.7 ≤ ν ≤ 1.3 lie below 0.3c. Thus supporting the existence of higher excited states for bb system compared to cc system observed experimentally. In the case of bc system, we have computed the velocity of c-quark as well as that of the b-quark at different excited states. The charm quark in bc system seemed to move faster than its counter part in cc system, while the b-quark in bc system moves slower than that in bb system. Also, the importance of relativistic effects to the motion of c-quark is evident for the study of its excited states beyond 2S level as per the velocity predictions by the choices of power index above 0.9. This observation in our present study also support the fact that the higher excited levels will be loosely bound and may not be formed to be seen experimentally. Over and above the predicted values of v 2 q 1 2 would be useful in the study of the decay properties of QQ systems using NRQCD formalism. Our computed values of the di-gamma and leptonic decay widths with and without the radiative corrections are shown in Tables 11 and 12 respectively. Our predictions for cc → γγ are in good agreement with the experimental result for the potential index ν = 1.1 to 1.3, with out the radiative corrections. But, in the case of bb → γγ we find our predictions with the radiative correction are in accordance with the values reported by others [56, 16] . In the case of leptonic decay widths, our predictions Γ V W for both cc and bb systems are found to be slightly over estimated in the same range of potential index, 1.1 ≤ ν ≤ 1.3 and that with the radiative corrections, Γ ll are under estimated. If may be the indication of the fact that these decay of quarkonia occur not at zero separation of the quark and antiquark but at some finite separation. We must also look into the various aspects of the decay of quarkonia discussed within the NRQCD like formalism. We envisage such attempts for our future works. We further conclude here that the present study of the properties of QQ (Q ǫ b, c) systems based on the non-relativistic coulomb plus power potential with the power index ranging from 0.1 to 1.5 using numerical approach to solve the Schrödinger equation is an attempt to understand the exact nature of the inter-quark potential and their parameters that provided us the spectroscopic properties as well as the decay properties of the QQ system. We observe that most of the properties of the QQ systems predicted with the potential index in the range of 0.7 ≤ ν ≤ 1.3 are in good agreement with the existing experimental results as well as with other theoretical model predictions.
